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Abstract
A brief history of the investigation of the Weil-Petersson curva-
ture and a summary of Teichmu¨ller theory are provided. A report
is presented on the program to describe an intrinsic geometry with
the Weil-Petersson metric and geodesic-length functions. Formulas for
the metric, covariant derivative and formulas for the curvature tensor
are presented. A discussion of methods is included. Recent and new
applications are sketched, including results from the work of Liu-Sun-
Yau, an examination of the Yamada model metric and a description of
Jacobi fields along geodesics to the boundary.
1 Introduction
This written lecture is in honor of the birthday of Shing-Tung Yau, a most
distinguished mathematician and teacher. The present year is the anniver-
sary of Weil’s notes on using the Uniformization theorem to introduce an
L2 metric for the space of Riemann surfaces, [40, see articles 1958b, c].
Recent progress on finite-dimensional Weil-Petersson (WP) geometry is
discussed in the introductions of [25, 26, 46, 49] and in the notes [22, 47, 51].
A brief history of the investigation of WP curvature is as follows. Ahlfors
established formulas for the connection and curvature in terms of singular
integrals and found that holomorphic sectional curvatures are negative [2].
Royden showed that the holomorphic sectional curvature is bounded above
by −1/2π(g − 1) [32], followed then by the results of Tromba [39] and the
author [44] including the general negativity of all sectional curvatures. The
curvature tensor formula of [44] was generalized by Siu [36] and Schumacher
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[34] to the setting of deformation spaces of Ka¨hler-Einstein metrics. Schu-
macher considered bounds and growth for curvature, and established strong
negativity of the curvature in the sense of Siu [33]. Huang and Teo continue
the examination of the sectional curvatures of the metric [17, 18, 19, 20, 37].
Liu, Sun and Yau as part of their program of investigation of the canonical
metrics on Teichmu¨ller space show that the metric is dual Nakano negative
[23].
In [44, 45] the approach was also applied to investigate the family hy-
perbolic metric for the vertical line bundle of the universal curve over the
moduli space of Riemann surfaces. The Chern form computed from the
hyperbolic metric and considered as a current was found to represent the
expected Chern class in cohomology, even though the form is singular at
infinity [45]. The Chern form for the renormalized family hyperbolic metric
for the tangent lines to cusps was calculated in [48]. Freixas generalizes and
uses these results in his investigations and applications of arithmetic inter-
section theory [13]. Trapani showed that the WP Ricci form represents in
cohomology for the Deligne-Mumford compactification the determinant of
the logarithmic tangent bundle, even though the Ricci form is singular at
infinity [38]. Liu, Sun and Yau show that all the Chern forms for the WP
metric considered as currents represent the expected Chern classes on the
Deligne-Mumford compactification [23, 24]. Applications are presented.
We now report on the program to describe an intrinsic geometry with
the WP metric and geodesic-length functions. An invariant of a hyperbolic
metric is the length ℓα of the closed geodesic α in a free homotopy class.
Elements of the intrinsic geometry are given by the following expansions:
for the Fenchel-Nielsen twist and almost complex structure
2tα = J grad ℓα,
for the root-length gradients λα = grad ℓ
1/2
α and disjoint geodesics
〈λα, λα′〉 = (2π)
−1δαα′ + O((ℓαℓα′)
3/2),
for the Fenchel-Nielsen twist parameter and a maximal collection of disjoint
geodesics (a pants decomposition)
1
2
∑
α
dℓα ∧ dτα,
for the covariant derivative
DUλα = 3ℓ
−1/2
α 〈Jλα, U〉Jλα + O(ℓ
3/2
α ),
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for the curvature tensor
R(λα, λα, λα, λα) =
3
16π3ℓα
+ O(ℓα),
and for disjoint geodesics not all the same
R(λα, λβ, λγ , λδ) = O((ℓαℓβℓγℓδ)
1/2),
where all remainder term constants are uniform for bounded geodesic-lengths.
Beyond the single leading term contributions to the curvature tensor are
bounded. We present and discuss the formulas in Section 3 and consider
applications in Section 5.
The above expansions reveal the asymptotic factorization of the WP
metric. In a region of Teichmu¨ller space where the geodesics σ = {α}
have small length the metric is almost the product of the metrics for the
complex lines {λα, Jλα} and the tangential metric for the boundary space
T (σ) = {ℓα = 0, α ∈ σ} in the augmented Teichmu¨ller space T . The
complex lines {λα, Jλα} define an extension of the normal bundle of the
boundary space. The boundary space is a product of lower dimensional
Teichmu¨ller spaces with WP metrics. Asymptotic factorization partially
appears in Masur’s original expansion [27]. We find the factorization be-
havior is at least C2; factorization appears in the metric, connection and
curvature tensor. The metric for the complex lines also compares to Ya-
mada’s model metric π3(4dr2 + r6dθ). The WP metric and Yamada model
C2-compare with a factor 1 +O(r4).
The lecture is organized as follows. Basic material on WP geometry and
the augmented Teichmu¨ller space is presented in Section 2. The intrinsic ge-
ometry of geodesic-lengths and the WP metric is presented in Section 3. An
argument for bounding holomorphic quadratic differentials on collars and a
method for bounding the kernel of the operator (D − 2)−1 are described in
Section 4. In Section 5.1 select results of Liu, Sun and Yau are described.
In Section 5.2 we examine the comparison to the Yamada model and de-
scribe Clairaut equations for a WP geodesic and a small geodesic-length.
In Section 5.3 we consider the distance to a proper stratum of T and ex-
amine projecting geodesics, the length minimizing paths to a stratum of
T . We discuss variation of a projecting geodesic for top dimensional strata
and characterize the Jacobi fields describing variation through projecting
geodesics. The first variation of distance to a stratum is given by the cosine
formula of [5]. We present the formula for the second variation of distance.
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2 Basics of Teichmu¨ller theory
Let T be the Teichmu¨ller space for homotopy marked genus g, n punc-
tured Riemann surfaces R of negative Euler characteristic. A point of T
is the equivalence class of a pair (R, f), with f a homeomorphism from a
reference topological surface F to R. By Uniformization a conformal struc-
ture determines a unique complete compatible hyperbolic metric ds2 for R.
The Teichmu¨ller space is a complex manifold of dimension 3g − 3 + n with
the cotangent space at R represented by Q(R), the space of holomorphic
quadratic differentials on R with at most simple poles at the punctures.
Weil introduced a Hermitian cometric. The Riemannian pairing is the real
part of the dual form.
Definition 1. The Weil-Petersson cometric is 〈ϕ,ψ〉 =
∫
R ϕψ (ds
2)−1.
In the 1940’s Teichmu¨ller introduced the Finsler metric with conorm
given as ‖ϕ‖T =
∫
R |ϕ|. The Weil-Petersson (WP) dual metric is invariant
under the action of the mapping class group, MCG, the group of orientation
preserving homeomorphisms of F modulo the subgroup of homeomorphisms
homotopic to the identity relative to punctures. The WP metric projects to
the quotient M = T /MCG, the moduli space of Riemann surfaces. First
properties are that the metric is Ka¨hler, non complete with negative sec-
tional curvature κ with supT κ = 0 (except for dim T = 1 where supT κ < 0)
and infT κ = −∞. The metric continues to be the first metric for under-
standing the Ka¨hler geometry of Teichmu¨ller space [25, 26, 29, 42, 53]. In
practice and experience the WP geometry of T corresponds to the hyperbolic
geometry of surfaces.
A hyperbolic surface has a thick-thin decomposition with thin the re-
gion of injectivity radius below a threshold value. The thin components of
a hyperbolic surface are neighborhoods of cusps or are collars (fixed area
tubular neighborhoods of short geodesics). Mumford first observed that the
set of hyperbolic surfaces with lengths of closed geodesics bounded below
by a constant c > 0 forms a compact subsetMc of the moduli space M. In
general the totality of all thick regions of hyperbolic surfaces of a given topo-
logical type forms a compact set of metric spaces in the Gromov-Hausdorff
topology. The Teichmu¨ller and WP metrics are comparable on Mc.
We have for the reference topological surface F .
Definition 2. A k-simplex of the complex of curves C(F ) is a set of k+1 dis-
tinct free homotopy classes of non trivial, non peripheral, mutually disjoint
simple closed curves of F . The pants graph P(F) has vertices the maximal
4
simplices of C(F ). Vertices of P(F) are connected by an edge provided the
corresponding sets of free homotopy classes differ by replacing a single curve
by a curve intersecting the original curve one or two times.
The vertices of C(F ) are the free homotopy classes of non trivial, non
peripheral simple closed curves. The simplices of C(F ) are the convex sums
of vertices. The complex of curves C(F ) is a lattice, partially ordered by
inclusion of simplices with maximal simplices, called pants decompositions,
having dimension 3g − 4 + n. A pants decomposition decomposes a surface
into a union of 2g−2+n three holed spheres. The pants graph P(F) becomes
a metric space by specifying the edges to have unit-length. Corresponding
to a pants decomposition are global coordinates, Fenchel-Nielsen (FN) co-
ordinates for T given as gluing-parameters for constructing surfaces from
right hyperbolic hexagons [1]. The construction begins with right hexagons
which can be doubled across alternating edges to obtain a pair of pants, a
genus zero hyperbolic surface with three geodesic boundaries with lengths
free-parameters in R>0. Boundaries of pants of a common length can be
abutted to construct a larger surface.
A pants decomposition for F provides a combinatorial scheme to abut
boundaries of pants to obtain a hyperbolic surface of genus g with n punc-
tures. In abutting boundaries there is the free-parameter of the relative
displacement of one boundary with respect to the other. Overall for each
abutting there are two free-parameters. The first parameter is the com-
mon boundary geodesic-length ℓ valued in R>0. The second parameter is
the relative displacement τ valued in R measured in hyperbolic distance (τ
is initially measured between appropriate footpoints and then analytically
continued).
Theorem 3. For a pants decomposition P the FN coordinates Πj∈P(ℓj , τj) :→
(R>0 × R)
3g−3+n provide a real analytic equivalence for T .
The augmented Teichmu¨ller space T is a partial compactification in the
style of Bailey-Borel [1, 16]. The space T is important to the understanding
of the Deligne-Mumford compactification of the moduli spaceM and for the
WP geometry. Frontier spaces are adjoined to T corresponding to allowing
geodesic-lengths ℓj to assume the value zero with the FN angles θj = 2πτj/ℓj
undefined (in polar coordinates the angle is undefined at the origin). The
vanishing ℓj = 0 describes a degenerate hexagon with a side-length vanishing
and the adjacent sides meeting at a common point on the circle at infinity
for the hyperbolic plane. The vanishing ℓj = 0 corresponds to a degenerate
hyperbolic surface with a pair of cusps in place of a simple closed curve (γj
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in the pants decomposition is now represented by the horocycles about the
cusps). In general for a simplex σ ⊂ C(F ), the σ-null stratum is the space of
structures T (σ) = {R degenerate | ℓα(R) = 0 iff α ∈ σ}. The frontier spaces
FP = ∪σ⊂PT (σ) subordinate to a pants decomposition P are adjoined to T
with a neighborhood basis for T ∪ FP prescribed by the specification that
((ℓβ , θβ), ℓα) : T ∪ T (σ)→ Πβ /∈σ(R>0 × R)×Πα∈σ(R≥0)
is a continuous map. For a simplex σ ⊂ P, P ′, contained in two pants
decompositions, the neighborhood systems are equivalent.
A structural property is that the deformation spaces T (σ) are products of
lower dimensional Teichmu¨ller spaces and the limit of the tangential compo-
nent of the WP metric of T is simply the WP metric of the lower dimensional
stratum T (σ). The role of the augmented Teichmu¨ller space in WP geom-
etry first appeared in Masur’s work [27]. A sequence of marked hyperbolic
surfaces {Rn} converges in T provided there is a simplex σ contained in a
pants decomposition P with ℓα(Rn), α ∈ σ limiting to zero (no convergence
condition is placed on θα, α ∈ σ) and FN parameters (ℓβ, θβ), β ∈ P − σ
converging.
Theorem 4. The augmented Teichmu¨ller space T = T ∪σ∈C(F ) T (σ) is a
non locally compact stratified space. The augmented Teichmu¨ller space is
the WP completion of Teichmu¨ller space.
A point of T − T represents a marked degenerate hyperbolic structure
for which a simplex of C(F ) has each element represented by a pair of cusps.
The augmentation is also described as the Chabauty topology closure of the
discrete faithful cofinite representations of π1(R) into PSL(2;R) modulo con-
jugacies by PSL(2;R) [16]. A sequence of discrete faithful representations
converges to a union of conjugacy classes of discrete faithful representa-
tions of smaller topological type. The quotient T /MCG is topologically the
Deligne-Mumford stable curve compactification M of the moduli space of
curves.
The basic properties of the compactification of the moduli space and
of the augmented Teichmu¨ller space are described in the original research
announcement of Bers [3]. Definitions include a Riemann surface with nodes,
holomorphic q-differentials (push downs of sections of powers of the relative
dualizing sheaf of a stable curve) and a description of the Deligne-Mumford
compactification, as well as descriptions of the augmented Teichmu¨ller space.
Bers included a description of fundamental sets for the action of the mapping
class group. For a pants decomposition P let MCG(P) be the subgroup of
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mapping classes stabilizing the maximal simplex P. The subgroup of Dehn
twists about elements of P is finite index in MCG(P).
Theorem 5. For a constant cg,n depending on the topological type and for
a pants decomposition P, the Bers region B(P) = {ℓj < cg,n, j ∈ P} ⊂ T is a
fundamental set forMCG/MCG(P) in particular T ⊂ ∪h∈MCG/MCG(P)h(B(P)).
The region B(P) = {0 ≤ ℓj < cg,n} ⊂ T is a fundamental set forMCG/MCG(P)
acting on T .
The pants graph P(F) with edge-metric provides a quasi isometric model
for theWP metric on T and T as follows. The Bers regions cover Teichmu¨ller
space and satisfy h(B(P)) = B(h(P)) for h ∈ MCG. The bounded valence
multivalued relation R ∈ T ↔ {P | R ∈ B(P)} is the basis for (non unique)
embeddings h : T → P(F) and k : P(F) → T . A point is associated
with the pants decomposition of a Bers region containing the point. Brock
established that the embeddings are quasi isometries (satisfy d(x, y)/c′−c′′ ≤
d′(f(x), f(y)) ≤ c′d(x, y)+c′′ for positive constants). Brock and in joint work
with Margalit established the following [7, 8].
Theorem 6. T and T are quasi isometric to P(F). For the special topo-
logical types (1, 2) and (0, 4) the spaces T and T are quasi isometric to the
Farey graph.
The augmented Teichmu¨ller space with the WP metric is a CAT(0) met-
ric space [10, 11, 46, 52] (a complete, simply connected, generalized non
positively curved space [5]). In particular (T , dWP ) is a length space, a
metric space with unique distance-realizing paths (geodesics) between pairs
of points. Furthermore the WP metric has the Euclidean triangle compar-
ison property: for a triangle in T and a corresponding triangle in E2 with
corresponding edge lengths, chords of the former (located by endpoints on
sides) have lengths bounded by lengths of corresponding chords of the latter.
(The conditions CAT(0) and Gromov hyperbolicity are independent, even
though the latter is a general negative curvature condition.) Each closed
stratum of the augmented Teichmu¨ller space is the closure of a single σ-null
stratum. The σ-null strata T (σ) ⊂ T , σ ∈ C(F ) are intrinsic to the WP
metric geometry and T is an infinite polyhedron as follows [46].
Theorem 7. T is a stratified metric space with each σ-null stratum, σ ∈
C(F ), characterized as the union of all open geodesics containing a given
point of the stratum as an interior point. The interior of a geodesic in T is
contained in a single σ-null stratum (geodesics do not refract at strata). T
itself is characterized as the closed convex hull of the maximally degenerate
hyperbolic structures (the unions of thrice punctured spheres).
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The structure of strata provides that the extended MCG (both orienta-
tion preserving and reversing classes) is the full group of isometries of T as
follows [28, 46]. A WP isometry extends to the completion T and preserves
the intrinsic strata structure, as well as the partial ordering of inclusion
of simplices of C(F ). Ivanov established that order preserving bijections
of C(F ) are induced by elements of the extended MCG [21]. In particu-
lar for an orientation preserving isometry there is a corresponding element
of MCG and the two maps agree on the maximally degenerate structures
in T (a maximally degenerate structure is uniquely determined by its sim-
plex). The two maps agree on T , the closed convex hull of the maximally
degenerate structures. The isometry coincides with the element of MCG.
3 WP intrinsic geometry
The correspondence between WP geometry and the hyperbolic geometry
of surfaces begins with geodesic-length functions. Associated to each non
trivial, non peripheral free homotopy class α on a marked hyperbolic surface
is the length ℓα of the unique geodesic in the free homotopy class. In the
Uniformization geodesic-lengths are explicit with 2 cosh ℓα/2 = trA for the
free homotopy class α corresponding to the conjugacy class of A in the deck
group within PSL(2;R).
Geodesic-length functions have a direct relationship to WP geometry.
For a simple closed geodesic α on a hyperbolic surface, the surface can be
cut along the geodesic to form two circle boundaries, which can then be
identified by a relative rotation to form a new surface. A Hamiltonian flow
on T is defined by considering families of surfaces {Rt} for which at time
t reference points from sides of the original geodesic are displaced by t on
Rt. Collections of geodesic-length functions provide local coordinates for
Teichmu¨ller space. We describe the WP metric, connection and curvature
tensor in terms of gradients of geodesic-length functions.
Definition 8. For the free homotopy class α of a closed curve let: ℓα be the
geodesic-length function, grad ℓα the associated WP gradient, λα = grad ℓ
1/2
α
the root-length gradient, and tα the infinitesimal FN twist vector field.
A basic feature of WP geometry is the twist-length duality 2tα = J grad ℓα
for J the almost complex structure of T [41]. For a simplex σ ⊂ C(F ) con-
sider geodesic-length functions in a neighborhood of an augmentation point
p of T (σ) ⊂ T . We refer to the elements of σ as the short geodesics.
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Definition 9. A relative length basis for a point p of T (σ) is a collection
τ of vertices of C(F ) disjoint from the elements of σ such that at p the
gradients {grad ℓβ}β∈τ provide the germ of a frame over R for the tangent
space TT (σ).
The basic expansion for the WP metric and length gradients is the fol-
lowing [49].
Theorem 10. The pairing of geodesic-length gradients for disjoint geodesics
α, β satisfies
0 < 〈grad ℓα, grad ℓβ〉 −
2
π
ℓαδαβ is O(ℓ
2
αℓ
2
β)
where for c0 positive the remainder term constant is uniform for ℓα, ℓβ ≤ c0.
The expansion is based on Riera’s exact formula for gradient pairings
and on estimating double coset sums of e−2dist for the uniformization group
Γ ⊂ PSL(2;R). For a point p of T (σ) and relative length basis τ the
tangent fields {λα, Jλα, grad ℓβ} provide a local frame for TT . A refined
counterpart [49] of Masur’s original expansion is a consequence. For short
geodesics α ∈ σ and elements β ∈ τ of a relative length basis
〈λα, λα′〉 = (2π)
−1δαα′ + O(ℓ
3/2
α ℓ
3/2
α′ )
〈λα, grad ℓβ〉 = O(ℓ
3/2
α )
where by twist-length duality and disjointness
〈Jλα, λα′〉 = 〈Jλα, grad ℓβ〉 = 0.
Corollary 11. The pairing of gradients 〈grad ℓβ, grad ℓβ′〉 is continuous in
a neighborhood of a point p of T (σ) ⊂ T for β, β′ disjoint from the simplex
σ. The matrix of pairings for a combined short and relative length basis
{λα, Jλα, grad ℓβ}α∈σ,β∈τ determines a germ at p of a continuous map of T
into a real linear group GL(R).
Explicit refined counterparts of Masur’s expansion already appeared in
[10, Sec. 3], [46, Theorem 2] and [25, Corollary 4.1]. The referenced ex-
pansions follow a different approach and begin with Masur’s holomorphic
expansion in (s, t) coordinates for a family of holomorphic 2-differentials
and involve estimating the family hyperbolic metric. Detailed estimates for
the modulus of continuity of the pairings 〈grad ℓβ, grad ℓβ′〉 are provided by
Otal [30, Lemmas 26, 29]. Otal combines Riera’s formula, estimates for the
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double coset sums, constructions of quasiconformal maps and hyperbolic
geometry.
The expansions reveal the asymptotic factorization of the WP metric.
Near a point p of the augmentation T (σ) the metric is almost the product
of metrics for the normal complex lines {λα, Jλα} and the tangential metric
for TT (σ). Lower-dimensional WP metrics combine to provide the metric
for TT (σ). The asymptotic factorization will also appear in the connection
and curvature tensor. The Hessian of geodesic-length is also interesting [49].
Theorem 12. The complex and real Hessians of geodesic-length are uni-
formly comparable
∂∂ℓα ≤ Hess ℓα ≤ ∂∂ℓα.
The first and second derivatives of geodesic-length satisfy
0 < 2ℓαHess ℓα − (dℓα)
2 − 3(dℓα ◦ J)
2 is O(ℓ3α‖ ‖
2
WP )
and
0 < ℓα∂∂ℓα − 2∂ℓα∂ℓα is O(ℓ
3
α‖ ‖
2
WP )
where for c0 positive the remainder term constants are uniform for ℓα ≤ c0.
Noting that the Riemannian Hessian is directly related to covariant dif-
ferentiation Hess h(U, V ) = 〈DU grad h, V 〉 for vector fields U, V we have the
following.
Theorem 13. The covariant derivative of the root-length gradient satisfies
DUλα = 3ℓ
−1/2
α 〈Jλα, U〉Jλα + O(ℓ
3/2
α ‖U‖WP )
where for c0 positive the remainder term constant is uniform for ℓα ≤ c0.
The asymptotic factorization for the connection is as follows [50].
Theorem 14. The covariant derivatives for the length gradients for α,α′ ∈
σ, β, β′ ∈ τ satisfy:
DJλαλα = 3/(2πℓ
1/2
α )Jλα +O(ℓ
3/2
α ), Dλα′λα = O(ℓ
3/2
α ),
DJλα′λα = O(ℓα(ℓ
3/2
α′ + ℓ
1/2
α )), for α 6= α′, Dgrad ℓβλα = O(ℓα),
Dλα grad ℓβ = O(ℓ
1/2
α ), DJλα grad ℓβ = O(ℓ
1/2
α ), and Dgrad ℓβ′ grad ℓβ is
continuous at T (σ) with value zero if β and β′ lie on distinct parts. The
remainder term constants depend only on the constant for short geodesic-
length.
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The only covariant derivatives with non trivial leading terms are for
differentiation in the normal complex lines and tangential to T (σ). Remain-
ing evaluations of derivatives follow from the observation that the almost
complex structure J is parallel. Liu, Sun and Yau also provide a general
formula for the covariant derivative [25]. In [50] we use a quantitative form
of the asymptotic factorization for D to show that geodesics in T (σ) are C1-
approximated by geodesics in T with tangent field having small projection
on {λα, Jλα}. As application we show that the distance between horocycles
on surfaces is a convex function on T .
A formula for the curvature tensor was developed in [34, 36, 44]. Esti-
mates have since been developed in a number of works [17, 19, 20, 38] with
an at length investigation initiated in [25, 26]. We apply our techniques
from [49] to understand the curvature tensor evaluated on the root-length
gradients. In the works [31, 49] the Petersson product
∫
ϕψ(ds2)−1 was
taken as giving the Riemannian cometric; in accordance with Bochner [4,
formula (3)] the Hermitian form includes a factor of 12 . In accordance with
Bochner we consider the curvature tensor R(v, u, z, w) as complex linear in
u, z and complex anti-linear in v,w. The behavior of the curvature tensor
for root-length gradients λ∗ = grad ℓ∗ is straightforward.
Theorem 15. The curvature tensor evaluated on root-length gradients sat-
isfies
R(λα, λα, λα, λα) =
3
16π3ℓα
+ O(ℓα)
and for α, β, γ, δ disjoint, not all the same
R(λα, λβ , λγ , λδ) = O((ℓαℓβℓγℓδ)
1/2)
where for c0 positive the remainder term constants are uniform for lengths
bounded by c0.
Liu, Sun and Yau develop estimates for the curvature tensor and an ex-
pansion for the Ricci curvature [25, Lemmas 4.3, 4.5; displays below (4.8);
Corollary 4.2] and most importantly apply their approach to analyze the
second derivatives of the Ricci tensor. The authors’ first applications (see
below) begin with a study of the negative of the Ricci form considered as
a Ka¨hler metric. The resulting metric is shown to have negative holomor-
phic sectional curvature and an expansion is provided for the resulting Ricci
form. The authors show that the resulting metric is uniformly comparable
to important domain metrics, including the asymptotic Poincare´ metric and
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the Ka¨hler-Einstein metric [25, 26]. A comparison of the present and the au-
thors’ expansions is straightforward with the relations ℓα ≈ 2π
2(− log |tα|)
−1
and 21/2π2λα ≈ (− log |tα|)
3/2tα
∂
∂tα
.
The above result determines the curvature tensor since for a pants de-
composition the gradients {λα}α∈P provide a global frame for TT over C.
The asymptotic factorization applies to the curvature tensor as follows: the
leading term of R(λα, λα, λα, λα) depends only on ℓα; R(λα, λα′ , λγ , λδ) is at
mostO((ℓαℓα′)
1/2); R(λα, λβ, λγ , λδ) is at mostO(ℓ
1/2
α ) andR(λβ , λβ′ , λβ′′ , λβ′′′)
is continuous at T (σ). Near a stratum the curvature tensor is almost block
diagonalized according to the product of the normal complex lines and the
tangent space of the stratum. The block entries are predicted by asymptotic
factorization.
McMullen introduced a Ka¨hler hyperbolic metric with Ka¨hler form ≈
ωWP + ic
∑
α∈P ∂∂ Log ℓα and established a uniform comparison to the
Teichmu¨ller metric [29]. Ka¨hler hyperbolicity provides a form of average
negative holomorphic sectional curvature with exponential volume growth
for the properly embedded complex submanifolds of T . Applications include
the orbifold Euler characteristic having sign alternate with the parity of
the genus [15, 29]. In [25] Liu, Sun and Yau considered the comparison
between the WP Ka¨hler and Ricci forms in their Theorem 6.1 and a uniform
comparison between the negative Ricci form and McMullen’s metric in their
Theorem 6.3. We combine Theorem 10 on the pairing with Theorem 12 on
the Hessian with the above expansion for the curvature tensor to obtain the
following refinements of the Liu, Sun and Yau comparisons
∂∂ log ℓα =
∂ℓα
ℓα
∂ℓα
ℓα
+ O(ℓα‖ ‖
2
WP ) =
|〈λα, 〉|
2
ℓα
+ O(ℓα‖ ‖
2
WP )
and
R(λα, λα, , ) =
3|〈λα, 〉|
2
4πℓα
+ O(‖ ‖2WP ).
The expansions for the WP metric, connection and curvature tensor hold
uniformly on Bers regions for a suitable choice of constant c0. With Theorem
10 precise local bounds for sectional curvatures follow. Sectional curvatures
are uniformly bounded for pairs of basis elements (λα, (J)λα′), α, α
′ ∈ σ
except for the choices (λα, Jλα). Sectional curvatures are overall bounded
below by minα∈σ
−3−ǫ
πℓα
and can be as large as minα,α′∈σ,α6=α′ ℓαℓα′ . The first
bound is more specific than and the second bound is larger than Huang’s
corresponding estimate [17, 19]. Huang and Teo consider the genus depen-
dence of bounds for sectional, Ricci and scalar curvatures on the subset of
surfaces with injectivity radii bounded below [20, 37].
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4 Methods
The principal quantities of interest are the gradient grad ℓα and the operator
(D − 2)−1 for D the hyperbolic Laplacian. We consider harmonic Beltrami
differentials as the Kodaira-Spencer representatives of infinitesimal defor-
mations and represent quantities on the upper half plane H. The upper
half plane provides the advantages of a single model space and a coordi-
nate model for hyperbolic geometry. The quantities under investigation are
given as integrals of sums over Uniformization group elements of translates
of elementary functions.
The WP curvature tensor is given in terms of the integral
∫
R
µαµβ (D − 2)
−1µγµδ dA
for harmonic Beltrami differentials µ = ϕ(ds2)−1, ϕ ∈ Q(R), and dA the
hyperbolic area element, see [44] and also [34, 36]. The integral defines a
4-tensor for the tangent space of T . To better understand the integral we
consider the explicit harmonic Beltrami differentials µα = grad ℓα where
µα = Θα(ds
2)−1 for Θα ∈ Q(R). In particular for a geodesic α which lifts
to the imaginary axis in H, the Uniformization group Γ, and Γ(α) ⊂ Γ the
stabilizer of the imaginary axis then the Petersson series is
Θα =
∑
A∈Γ(α)\Γ
A∗
(
(
dz
z
)2
)
.
An essential consideration is the analysis of quantities on collars about
geodesics. Our approach is to introduce Fourier expansions, treat contribu-
tions of zeroth terms explicitly and then estimate remaining contributions. A
component in H of the lift of the collar about α is the sector {ℓα ≤ θ ≤ π−ℓα}
for the variable z = reiθ on the upper half plane. We find for ℓα small the
expansions
µα =


aα sin
2 θ e2iθ +O((e−θ/ℓα + e−(π−θ)/ℓα) sin2 θ) on the collar
O(ℓ2α) on the collar complement
and aα =
2
π + O(ℓ
3
α). The description of µα enables explicit bounds. The
special form of the first remainder provides refined bounds in integrals. The
remainder estimate results from an annular Schwarz lemma applied to Θα as
follows. A holomorphic function h on a concentric annulus {r0 ≤ |w| ≤ r1}
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is naturally the sum of a constant h0, a function h+ holomorphic in {|w| ≤
r1} vanishing at the origin, and a function h− holomorphic in {r0 ≤ |w|}
vanishing at infinity. From the Cauchy integral formula away from the
boundaries the functions h−, h0 and h+ are bounded in terms of an overall
bound for h. An overall bound is provided by considering the maximum of
h for neighborhoods of the boundaries. The Schwarz lemma then provides
bounds |h+| ≤ |w|/r1max|w|=r1−ǫ |h+| and |h−| ≤ r0/|w|max|w|=r0+ǫ |h−|.
A change of variable provides the bound for an annulus or collar uniformized
by H. For holomorphic quadratic differentials evaluation of the constant
h0 = aα is given by the pairing with Θα [14]. For geodesic-length gradients
the constants are given by Theorem 10.
The following expansion is an essential ingredient towards understanding
the main integral
−(D−2)−1|µα|
2(z) =


|aα|2
4 sin
2 θ + O(ℓ2α) on the collar where z = re
iθ
O(ℓα e
−dist(α,z)) on the collar complement.
The principal term is obtained from the first expansion and the elementary
formula (D − 2) sin2 θ = −4 sin4 θ.
The techniques for estimating sums over Uniformization group elements
are illustrated by considering a basic estimate for the integral kernelG2(z, z0)
for the operator (D − 2)−1. The kernel is given as a sum G2(z, z0) =∑
A∈ΓQ2(z,Az0). The associated Legendre function Q2 is negative with
a logarithmic pole at zero and for large distance δ(z, z0) on H satisfies
−Q2(z, z0) ≤ ce
−2δ(z,z0). The corresponding estimate for the geodesic-length
gradient is |dzz |
2 sin2 θ ≤ ce−2δ(z,axisα). A basic estimate for the Greens func-
tion for R = H/Γ is as follows [45, Appendix A.4].
Lemma 16. For δ(z, z0) ≥ 1, and inj injectivity radius and δR distance on
R the Greens function satisfies
−Q2(z, z0) ≤ −G2(z, z0) ≤ c min
ζ=z,z0
inj(ζ)−1 e−δR(z,z0).
Proof. The lower bound is immediate. We observe from the collar or Mar-
gulis lemma that the overlap number for the action of Γ on H is bounded
by the inverse of the injectivity radius. In particular for B(z0) a unit ball
in H the number of group translates A(B(z0)), A ∈ Γ, intersecting B(z0)
is bounded by c inj(z0)
−1. Next we observe that −G2 (and more generally
eigenfunctions of D) satisfies a mean value inequality
−G2(z, z0) ≤ c
∫
B(z0)
−G2(z, ζ) dA.
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We continue with the rhs as follows
=
∫
B(z0)
∑
A∈Γ
−Q2(z,Aζ) dA =
∑
A∈Γ
∫
A(B(z0))
−Q2(z, ζ) dA
≤ c inj(z0)
−1
∫
∪A∈ΓA(B(z0))
−Q2(z, ζ) dA
≤ c inj(z0)
−1
∫
{δ(z,ζ)≥ δR(z,z0)−1}
e−2δ(z,ζ) dA
where the first inequality follows since the inverse injectivity radius bounds
the overlap number for the covering; the second inequality follows from the
general bound for −Q2 and since δR(z, z0) is a lower bound for the distance of
z to Γz0. The upper bound now follows from the formula dA = sinh δ dδdθ
and integration. The argument is complete.
A region of small (approximately < 1/2) injectivity radius on a hyper-
bolic surface is either a collar (a neighborhood of width 2 log 2/ℓα about a
short geodesic α) or a cusp region (a unit area neighborhood of a cusp). An
understanding of small injectivity radius begins with the observation.
Lemma 17. For collars and cusp regions C the product inj(z)eδ(z,∂C) is
bounded above and below by universal positive constants.
In place of analyzing the operator (D − 2)−1 Liu, Sun and Yau make
use of Schumacher’s equation ( + 1) vj · vk¯ = Aj · Ak¯ for the complex
Laplacian, horizontal lifts v∗ of tangent vectors, and the harmonic Beltrami
differentials A∗; see [34, Lemma 2.8] and [25, Sec. 3, opening discussion and
Lemma 3.1]. In brief, considering equations (D − 2)f = h is replaced by
considering equations ∂f = h.
5 Applications of curvature
5.1 The work of Liu, Sun and Yau
Liu, Sun and Yau are investigating questions in the algebraic geometry of the
moduli space through their extensive work on curvature [25, 26, 23, 24, 22].
The authors consider the canonical metrics on T and M with particular
focus on the Ka¨hler-Einstein metric. They begin by considering the nega-
tive of the WP Ricci form as a Ka¨hler metric. Degeneration expansions are
developed for the first four derivatives of the WP metric. In Corollary 4.2 of
[25] an expansion for the WP Ricci form is provided and in Theorem 4.4 an
expansion is provided for the sectional curvatures of the Ricci metric. The
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Ricci metric is found to have holomorphic sectional, bisectional and Ricci
curvatures bounded from above and below. In an effort to obtain a metric
with pinched negative sectional curvature they introduce a perturbation by
adding a multiple of the WP metric to the negative Ricci form. For appro-
priate multiples the perturbed metric has holomorphic sectional and Ricci
curvatures with negative upper and lower bounds, important properties for
their considerations. The work of Farb and Brock [6] provides that the per-
turbed metrics can neither be Gromov hyperbolic nor have general sectional
curvatures with negative upper and lower bounds.
The authors compare the canonical metrics. They combine their expan-
sions with information about the complex geometry of Teichmu¨ller space,
the Schwarz lemma of Yau, properties of McMullen’s Ka¨hler hyperbolic
metric ≈ ωWP + ic
∑
α ∂∂ Log ℓα, and the work of Cheng-Mok-Yau on the
Ka¨hler-Einstein metric. Their results include the following.
Theorem 18. The following metrics for T and M are uniformly com-
parable: negative Ricci, perturbed negative Ricci, asymptotic Poincare´, Mc-
Mullen, Ka¨hler-Einstein, Teichmu¨ller-Kobayashi, Bergman and Carathe´odory.
The canonical metrics with distinctive properties lie in a single equiva-
lence class. They also study the Ka¨hler-Ricci flow from the Ricci metric to
the Ka¨hler-Einstein metric and apply the methods of Yau to obtain higher
order estimates for the canonical metric.
Theorem 19. The Ka¨hler-Einstein metric has bounded geometry with co-
variant derivatives of curvature all uniformly bounded.
The metrics are singular in a neighborhood of the compactification divi-
sor D in the Deligne-Mumford compactification. The authors establish that
Chern forms represent the expected cohomology classes.
Theorem 20. Let E = T ∗
M
(− logD) be the logarithmic cotangent bundle of
M and E its restriction to M. The WP, Ricci and perturbed Ricci met-
rics are Mumford good. The Ka¨hler-Einstein metric satisfies a generalized
Mumford good condition. The associated Chern form c1(E) is positive and
E is Mumford stable with respect to c1(E).
The authors also establish the following.
Theorem 21. The WP metric for TM is dual Nakano negative.
Schumacher considers holomorphic families of canonically polarized com-
pact complex manifolds [35]. He finds that the Hermitian metric for the rela-
tive canonical bundles induced by the Ka¨hler-Einstein metrics on the fibers is
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semi-positive. As an application he finds that the WP metric itself is Nakano
positive. Applications of Theorem 21 include that the Chern numbers of the
logarithmic cotangent bundle are positive and a general equivalence of the
L2 cohomology for the Ricci, perturbed Ricci and Ka¨hler-Einstein metrics
with the corresponding sheaf cohomology. An application is the general
infinitesimal rigidity of the pair (M,D). An application with Ji is a Gauss-
Bonnet theorem which combined with the computation of Zagier gives the
following.
Theorem 22. For the WP, Ricci, perturbed Ricci and Ka¨hler-Einstein met-
rics the top Chern classes satisfy
∫
Mg
c3g−3 = χ(Mg) =
Bg
4g(g − 1)
for the orbifold Euler characteristic and appropriate Bernoulli number.
5.2 The model metric 4dr2 + r6dθ2
Yamada initiated the WP synthetic geometry and the comparison of the
WP metric for normal complex lines to a standard model metric
(〈λα, λα〉)
−1(〈 , λα〉
2 + 〈 , Jλα〉
2) = π3(4dr2α + r
6
αdθ
2
α) + O(ℓ
3
α〈 , 〉)
for α ∈ σ. The metric comparison begins with the assignment 2π2r2α = ℓα
and ∂∂rα to 2
3/2π2λα. Model expansions are provided in the references [10,
30, 46, 52]. There are various candidate definitions for the angle parameter
θα in the literature [1, 10, 27, 49]; definitions include the FN angles for
a decomposition of hyperbolic surfaces into pairs of pants, as well as the
argument of the plumbing parameter for the plumbing family zw = t. Each
definition involves auxiliary choices: for the first a pants decomposition
is required and for the second attaching maps are required for inserting
the plumbing fixture. We introduce a canonical notion of angle variation
as follows. The counterpart of ∂∂θ is taken as the normalized twist Tα =
(2π)−1ℓ
3/2
α Jλα = (2π)
−1ℓαtα (recall the relation 2tα = J grad ℓα between
twist and length gradient). The trajectories of the vector fieldTα are exactly
the orbits of the FN deformation with a 2π flow exactly a full Dehn twist.
We use metric duality to measure the increment in angle.
Definition 23. The FN gauge 1-form is ρα = 2π(ℓ
3/2
α 〈λα, λα〉)
−1〈 , Jλα〉.
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The FN gauge satisfies ρα(Tα) = 1, ρα(Tα′) = O(ℓ
3/2
α′ ) for α 6= α
′, and
the definition does not involve auxiliary choices. We expect that the gauge is
not a closed 1-form (see [49, Lemma 4.16] for further properties and bounds
on dρα). The model metric expansion is also valid with FN gauges.
We describe the geometry of the model metric. The comparison accounts
for the normal line expansion for the WP metric, connection and curvature
tensor. The 2-dimensional model metric is non complete on R2 − {0}. Co-
ordinate vector fields are evaluated with 〈 ∂∂r ,
∂
∂r 〉 = 4π
3, 〈 ∂∂r ,
∂
∂ϑ〉 = 0 and
〈 ∂∂ϑ ,
∂
∂ϑ〉 = π
3r6. The Riemannian connection D is determined through
the relations for vector fields DU 〈V,W 〉 = 〈DUV,W 〉 + 〈V,DUW 〉 and
DUV −DV U = [U, V ]. The formulas for the model connection are
D ∂
∂r
∂
∂r = 0, D ∂
∂ϑ
∂
∂r = D ∂
∂r
∂
∂ϑ =
3
r
∂
∂ϑ and D ∂
∂ϑ
∂
∂ϑ =
−3
4 r
5 ∂
∂r .
The formulas are combined to evaluate the curvature tensor R(U, V )W =
DUDVW −DVDUW −D[U,V ]W . The Lie bracket of coordinate vector fields
[ ∂∂r ,
∂
∂ϑ ] vanishes and from the above evaluations R(
∂
∂r ,
∂
∂ϑ)
∂
∂ϑ =
−3
2 r
4 ∂
∂r .
The 2-plane ∂∂r ∧
∂
∂ϑ has area 2π
3r3 and the sectional curvature of the model
metric is
〈R( ∂∂r ,
∂
∂ϑ)
∂
∂ϑ ,
∂
∂r 〉
‖ ∂∂r ∧
∂
∂ϑ‖
2
=
−3
2π3r2
.
Theorem 10 provides for the WP metric
2π〈λα, λα〉 = 1 + O(ℓ
3
α)
and Theorem 13 for the connection
DJλαλα =
3
2πℓ
1/2
α
Jλα + O(ℓ
3/2
α )
and following Bochner Theorem 15 for the sectional curvature
R(λα, λα, λα, λα)
〈λα, λα〉2
=
−3
πℓα
+ O(ℓα) =
−3
2π3r2α
+ O(r2α).
We relate for the span of {λα}α∈σ the model metric
∑
α∈σ π
3(4dr2α +
r6αρ
2
α) to the WP pairing 〈 , 〉. The comparison is based on
∂
∂rα
having
as analog 23/2π2λα and
∂
∂ϑα
having as analog the Fenchel-Nielsen angle
variation Tα = (2π)
−1ℓ
3/2
α Jλα. The Ka¨hler form for the model metric is∑
α∈σ 2π
3r3αdrαdθα = (4π)
−1
∑
α∈σ ℓαdℓαdθα which for the Fenchel-Nielsen
angle ϑα = 2πτα/ℓα corresponds to the established formula
1
2
∑
α∈σ dℓαdτα,
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[43, 48]. Theorem 10 provides equality of norms modulo the higher order
O-term. The above expansion for the pairing 〈λα, λα〉 =
1
2π +O(ℓ
3
α), Theo-
rem 13 and the definitions for 2π2r2α = ℓα and Tα combine to provide the
following covariant derivative formulas
Dλαλα = O(ℓ
3/2
α ), DTα(2
3/2π2λα) = D23/2π2λαTα =
3
rα
Tα +O(ℓ
3
α)
and DTαTα =
−3
4
r5α(2
3/2π2λα) +O(ℓ
9/2
α )
in direct correspondence to the formulas for the model connection. The
model metric and WP metric for normal lines C2-compare with a factor of
1 + O(r4α).
The model metric also has a representation as a surface of revolution
(g(u), h(u) cos v, h(u) sin v) for the pair of functions g = π3/2
∫
(4− 9r4)1/2dr
and h = π3/2r3. The surface of revolution description and also the almost
orthonormal tangent frame {(2π)1/2λα, (2π)
1/2Jλα} provide a u-Clairaut
parameterization with λα defining the meridian direction [12]. Two gen-
eral properties of WP geodesics correspond to asymptotic factorization and
the surface of revolution description. First the component in the complex
line {λα, Jλα} of the tangent field of a geodesic should almost be constant
length. In fact from Theorem 13 for a geodesic ζ(t) it follows that
d
dt
(〈ζ ′(t), λα〉
2 + 〈ζ ′(t), Jλα〉
2) = O(ℓ3/2α (ζ(t))).
The product of pairings 〈ζ ′(t), λα〉/(〈ζ
′(t), ζ ′(t)〉〈λα, λα〉)
1/2 gives the cosine
of the angle between ζ ′(t) and the meridian. With the above given rela-
tion the corresponding product of pairings of ζ ′(t) and Jλα has the formal
interpretation as the sine of the angle. From asymptotic factorization and
the classical Clairaut relation the product of the radius r3α and the sine of
the meridian angle should be almost constant. In fact from Theorem 13 it
follows that
d
dt
ℓ3/2α 〈ζ
′(t), Jλα〉 = O(ℓ
3
α(ζ(t))).
5.3 Projection and distance to a stratum
A complete convex subset of a CAT (0) space is the base for an orthogonal
projection [5, Chap. II.2]. Example complete convex subsets of T include
axes of appropriate elements of MCG and sublevel sets of geodesic-length
functions (since glf’s are convex). Immediate examples of the latter are the
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closures of individual strata of T . Correspondingly for a simplex σ of C(F )
there are the closure of the stratum T (σ), the orthogonal projection Πσ to
T (σ) and the distance dσ to the stratum. General properties include that
dσ is a convex function and the fibers of Πσ are fibered by geodesics, called
projecting geodesics.
There are direct relationships between dσ and the geodesic-length func-
tions ℓα, α ∈ σ, as well as between the tangent field of a projecting geodesic
and the root-length gradients λα, α ∈ σ in [49]. We found expansions for
distance
dσ ≤ (2π
∑
α∈σ
ℓα)
1/2 and dσ = (2π
∑
α∈σ
ℓα)
1/2 + O(
∑
α∈σ
ℓ5/2α ).
Theorem 13 provides for a refined expansion for the tangent field of a unit
speed projecting geodesic
d
dt
= (2π)−1
∑
α∈σ
aαλα + O(t
4)
for small t with (2π)1/2‖(aα)‖Euclid = 1. The expansions for distance and the
tangent field manifest the asymptotic factorization. Projecting geodesics are
to C1 fourth-order approximated by constant sums of λα, α ∈ σ. Projecting
geodesics are almost geodesics of the metric for the product of {λα, Jλα}
and TT (σ).
The first and second variations of the projection distance dσ are inter-
esting for applications. We explain now that for top dimensional strata the
second variation of distance dσ is given by the classical second variation
formula for Jacobi fields.
Differentiability is considered as follows. For σ = {α}, we write T (α), Πα
and dα for the associated quantities. Given ǫ positive, dα is approximated
by the projection distance dα,ǫ to the complete convex sublevel set {ℓα ≤ ǫ}.
The first and second variation of dα,ǫ are given by the classical formulas.
Provided the first and second variations have the corresponding expressions
for dα as their uniform limits, then differentiability and application of the
formulas for dα follow. The first variation is indeed given by the classical
cosine formula [5, Chapter II.3, Corollary 3.6]. An important step is showing
that Jacobi fields for projecting geodesics to {ℓα = ǫ} converge to Jacobi
fields of projecting geodesics to T (α). The fibers of the projection Πα are
fibered by projecting geodesics. We now describe the Jacobi fields that
describe the variation through projecting geodesics of the projecting geodesic
η(t) with η(0) ∈ T (α), η with outer endpoint p ∈ T and tangent field ddt .
The local frame {λα, Jλα, grad ℓβ}β∈τ provides a frame at η(0).
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Lemma 24. Given the projecting unit-speed geodesic η(t) to T (α) and a
vector v at the endpoint p in T there exists a unique Jacobi field V with
Vp = v and initial C
2-expansion
V (t) = at
d
dt
+ bt3J
d
dt
+ A + O(t4)
where a‖η‖ = 〈v, ddt〉p, A is parallel along η with A ⊥
d
dt , A ⊥ J
d
dt and
‖A(0)‖ < ‖v − 〈v, ddt〉
d
dt‖p. The remainder constant is locally bounded in
terms of η, a, b and A.
Consistent with asymptotic factorization the first component of the Ja-
cobi field describes displacement of the endpoint along η, the second compo-
nent describes rotation in the infinitesimal normal complex line ( ddθ = r
3J ddr
is infinitesimal rotation for the model metric) and the third component de-
scribes displacement orthogonal to ddt , J
d
dt in T (α).
The length ‖η‖ of the projecting geodesic is the distance dα(p). For p
close to the stratum T (α) we note that a‖η‖ = 〈v, ddt〉, b‖η‖
3 = 〈v, J ddt〉 +
O(‖η‖4|v|) and the parallel field A satisfies A ⊥ ddt , A ⊥ J
d
dt with the vector
expansion at the endpoint
v = a‖η‖
d
dt
+ b‖η‖3J
d
dt
+ A + O(‖η‖4|v|).
The approximation of the distance dα by dα,ǫ provides a setting for de-
riving the second variation formula. The classical formula [9, Chap. 1, §6]
is combined with Theorem 13, Lemma 24 and the approximation to show
for Jacobi fields V,W as above that the second variation of distance is
d¨α[V,W ] = 〈DWV,
d
dt
〉p + 〈D d
dt
(V − aV
d
dt
), (W − aW
d
dt
)〉p.
The derivative DWV vanishes for the variation of distance along a geodesic.
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